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1. Introduction

Since the appearance of autoregressive conditional heteroscedastic (ARCH) and the generalized autoregressive condi-
tional heteroscedastic (GARCH) models (Engle, 1982; Bollerslev, 1986), conditional heteroscedastic models have become
extremely popular in volatility and financial risk modeling. In particular, they have been widely used for the prediction of
quantile-based risk measures, e.g., the value at risk. Hence, it is natural to consider the quantile regression (Koenker and
Bassett, 1978) for conditional heteroscedastic models; see, e.g., Engle and Manganelli (2004).

In the literature of quantile regression methods for conditional heteroscedastic models, for numerical feasibility, it is often
assumed that the conditional standard deviation rather than the conditional variance of the model has a linear structure,
which allows the linear programming (Koenker, 2005) to be used for efficient optimization; see, e.g., the linear ARCH model
studied by Koenker and Zhao (1996), the linear GARCH model by Xiao and Koenker (2009) and the double-threshold ARCH
model by Jiang et al. (2014). Moreover, this structure can result in more robust inference than the linear structure for the
conditional variance (Xiao and Koenker, 2009). Nevertheless, when there is a conditional mean component, new challenges
will arise. To see this, consider a simple autoregressive (AR) model with linear ARCH errors: y; = ¢y:—1 + e, e = &:0¢,
ot = Bo + Bile:—1|. The corresponding quantile regression can be defined as

n
min Z o<Vt — @Ye—1 — bBo — bB11yi—1 — dyi—2l),

t=1
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where 6 = (b, Bo, B1, ¢), T € (0, 1) is the quantile level, and p.(x) = x{t — I(x < 0)} is the check function. Because of the
term |y;_1 — ¢¥:_»|, the above objective function is non-convex, causing difficulties for statistical inference and numerical
optimization. This paper proposes a new conditional heteroscedastic model with a conditional mean structure but highly
tractable for the quantile regression. The corresponding inference requires no moment restriction on the observed process
or the innovations, and hence can realize the full potential of the quantile regression from a robustness perspective.

The proposed model is the linear double AR model, which adopts the basic form of the double autoregression introduced
by Ling (2007) to make the conditional mean structure especially tractable for quantile inference and, at the same time,
assumes a linear structure for the conditional standard deviation. Recently the double AR model has attracted growing
interest; see Ling and Li (2008), Zhu and Ling (2013) and the references therein. It has the form of

p b
Vo= dyeite |fot Y By (1.1)
i=1 j=1

where 8y > 0,8 > 0for 1 < j < p, and {&;} are independent and identically distributed (i.i.d.) innovations with mean
zero and variance one. Model (1.1) has two novel properties. First, it has a larger parameter space than conventional AR
models. For example, model (1.1) with p = 1 may still be stationary even when |¢;] > 1 (Ling, 2004), which is impossible
for AR-ARCH models. Second, it usually requires no moment condition on {y;} for the asymptotic normality of its parameter
estimator (Ling, 2007). In contrast, for the ARMA-GARCH model, a finite fourth moment of the observed process is required
for the asymptotic normality of the Gaussian quasi-maximum likelihood estimator (Francq and Zakoian, 2004), resulting in
a much narrower parameter space (Li and Li, 2009). Similar to the double AR model, the proposed linear double AR model
enjoys both novel properties. In particular, we establish a necessary and sufficient stationarity condition by borrowing the
linearity of the random coefficient AR model.

Although the quantile regression is well known for its robustness against heavy tails, its efficiency at certain quantile
levels can be arbitrarily low. The composite quantile regression (CQR) was proposed to improve the efficiency by combining
multiple quantile levels (Koenker, 1984; Zou and Yuan, 2008). As argued in Jiang et al. (2012), by choosing the optimal
weights, the weighted CQR estimator can be nearly as efficient as the maximum likelihood estimator (MLE); see also Jiang
et al. (2014). However, the CQR for the proposed model is time-consuming due to the non-convexity of the objective
function. Zhao and Xiao (2014) suggested using weighted averages of quantile regression estimators at different quantile
levels and their simulation studies showed that the averaging estimator is more efficient than the CQR estimator. Chen et
al. (2016) considered more general weights and the resulting estimator is hence supposed to be even more efficient. On the
other hand, the consistency of the usual quantile regression estimator for the proposed model requires the observed process
to have a finite first moment; see Section 3.1. To avoid such moment conditions, Ling (2005) proposed a self-weighted
estimation method for the infinite variance AR model; see also Zhu and Ling (2011). Motivated by Ling (2005) and Chen et
al.(2016), we eliminate any moment condition on the observed process or the innovations by introducing a double weighting
scheme, where the first set of weights guarantees the asymptotic normality, while the second set improves the efficiency
through balancing the information across multiple quantile levels. As a result, the proposed model can handle more heavy-
tailed data, as opposed to existing inference tools for conditional heteroscedastic models which all require the innovations
to have at least a finite second moment. Moreover, the optimal doubly weighted estimator can approach the efficiency of
the MLE under certain conditions.

To select the order of the proposed model in practice, Bayesian information criteria (BIC) are proposed in the quantile
regression context. Furthermore, based on the quantile autocorrelation function (Li et al., 2015) for transformed residuals,
two goodness-of-fit tests are constructed to detect misspecifications in the conditional mean and the conditional scale
separately for the fitted model. Along the lines of robust inference, no further moment condition is required by the
information criteria and goodness-of-fit tests. In this paper, for a matrix or column vector A, we define ||A|| = /tr(AA’),
where tr(-) denotes the trace of a square matrix. For two matrices A = (A;) and B = (B;) with the same dimension, we
define the element-wise product A o B by (A o B); j = A;Bj;, and define A > B if A — B is positive definite.

2. Linear double autoregression

Consider the linear double AR model,
p P
ye=Y ¢wite |1+ Byl | 2.1)
i=1 j=1

where the integer p is the order, 8; > 0for 1 < j < p, and {g;} is a sequence of i.i.d. innovations. When E(ef) < 00, by
further assuming that E(e;) = 0, the innovations can be standardized to have variance one, and model (2.1) can be rewritten
as

p p
ye=Y ¢wite o+ oyl |, 2.2)
i=1 =1
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Fig. 1. Stationarity regions of model (2.1) of order one. Left: E(|¢1 + B1&:]“) < 1, where x = 0.1 and &, follows the standard normal (solid line), Student’s
ts (dashed line) or Student’s t3 (dotted line) distribution. Right: E(In|¢; + B1&¢|) < 0 (solid line), or E(|¢1 + B1&:|“) < 1 with « = 0.1 (dashed line) or 0.9
(dotted line), where & follows the standard Cauchy distribution.

where o = {E(e2)}1/2, ¢} = &/0, 0j = opj, E(¢}) = 0 and E(¢;?) = 1. The linear double AR model in the form of (2.2) is
hence an extension of the double AR model in (1.1) along the lines of the linear GARCH model. We aim to study model (2.1)
without any moment or location restriction on &;.

We first consider the case where ¢; follows the Cauchy distribution with location zero and scale o > 0, whose density
function is f(x) = o/{m(x* + ¢?)} for x € R. Note that E(|&;]) = oo and E(|&/|*) < ooforany 0 < x < 1. Let
{&t,1 < i < p,t € Z} be a double array of independent random variables which have the same distribution as ¢; and
are independent of {¢;}. Consider the random coefficient AR model,

p
Vi =) _($i+ B+ e (2.3)
i=1
where the ¢;’s, Bi’s and ¢; are from model (2.1). Let Y; = (y, ..., Yr—p+1) and Y = (7, . .. ,yf_p+1)’, where {y.} and {y;} are
generated by models (2.1) and (2.3), respectively. Noting that the characteristic function of ¢, is E{exp(ise;)} = exp(—ao|s|),
we can verify that {Y;} and {Y;*} are Markov chains with the same transition probability. This observation enables us to
derive a necessary and sufficient condition for the existence of a strictly stationary solution to model (2.1) by borrowing the
linearity of model (2.3).
Let {A;} be a sequence of random matrices with
A = ¢l + ﬂlélt ¢p—l + ﬂp—lgp—l,t ¢’p + ﬂpépt
t Ip—l 0 s
where I, is the m x m identity matrix, and O is a zero vector or matrix with compatible dimensions. We define the top
Lyapunov exponent of {A;} as
1
y = inf{E(ln A -+ Anll)on > 1} :
n
It can be shown that E(In"|JA1||) < oo, where In™(x) = max{In(x), 0}. Then, by the subadditive ergodic theorem (Kingman,
1973), ¥ = lim,_,oon~ ' In ||A; - - - A, || with probability one. In particular, y = E(In|¢; + B1&1;|) whenp = 1.

Theorem 1. If & follows the Cauchy distribution with location zero and scale o > 0, then there exists a strictly stationary
solution {y,} to model (2.1) if and only if y < 0, and this solution is unique and geometrically ergodic with E(|y;|“) < oo for
some0 <k < 1.

For other distributions for &, it is generally challenging to derive a necessary and sufficient condition for the strict
stationarity, as model (2.1) is actually nonlinear. Alternatively, a sufficient condition is provided below.

Assumption 1. The density function of ; is continuous and positive everywhere on R, and E(|&:|“) < oo forsome0 < « < 1.

Theorem 2. Under Assumption 1, if Zf:] max{E(|¢;i — Biet|“), E(|1¢i + Biet|“)} < 1, then there exists a strictly stationary
solution {y;} to model (2.1), and this solution is unique and geometrically ergodic with E(|y;|) < oc.

The stationarity region in Theorem 2 depends on the distribution of &; and implies a moment condition on y.. In addition,
when ¢; has a symmetric distribution, it simplifies to Zf=1E(|¢i + Biee|“) < 1. For illustration, the left panel of Fig. 1 shows
that model (2.1) with order p = 1 can be stationary even if |¢1| > 1, a feature inherited from the double AR model (Ling,
2004), and the right panel of the figure displays the different stationarity regions given by Theorems 1 and 2.
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3. Doubly weighted quantile regression estimation
3.1. Self-weighted quantile regression estimation

Let A = (B, ¢') be the parameter vector of model (2.1), where 8 = (B1, ..., Bp) and ¢ = (¢4, ..., ¢p). We assume that
the true parameter vector o = (B, ¢,) is in the interior of the parameter space A, where A is a compact subset of R’i x RP
with R, = (0, c0).

Let Yy = Ve, - Ye—ps1)s Yar = (yel, ooy Vepsal) and x, = (1,Y,,_;, Y/ ;). Denote the density and distribution
functions of &; by f(-) and F(-), respectively. For any t € (0, 1), let b, be the tth quantile of ¢,. Let F; be the o-field generated

by {ys, s < t}. Then the tth conditional quantile of y; can be written as

Qr(y[ |]:t—1)—b +b Y/t 150+Yt 1¢07 (31)
which motivates us to consider the self-weighted quantile regression estimator

(Ben, 7. )_argbmm Z wepe (e — b — bY, 1B — Y/_,0), (3.2)
A
_P+1

where 1’,,1 = (E;n, 5;,1)/, p:(x) = x{t — I(x < 0)} is the check function and {w;} are random weights; see also Ling (2005).
Numerically, we can first compute the weighted linear quantile regression estimator

Orn = argmin ) wepe(ye — X6), (3.3)
o t=p+1
where 0, = (b*,, B, $*.). Then it follows that b, = b*,, B = b%; B2, if b, # 0, and oy = &7,

When w, = 1 for all t the weighted estimator becomes the common quantlle regression estimator, and its consistency
requires that E(|e¢|) < oo and E(y¢|) < oo, since yr — Qc(y: | Feo1) = (&r — b )(1+ Y, ;1 Bo). If E(y?) = oo, the estimator
will have a slower convergence rate than 1/n and a more complicated asymptotic distribution than the normal distribution;
see Gross and Steiger (1979), An and Chen (1982) and Davis et al. (1992) for the least absolute deviations estimation of
infinite variance AR models.

Leto; = 14 Y, ;Bo, and define the matrices 2o(w) = E(o, 'wexcx;) and £24(w) = 24 ' (w)[E(wix;x;)1824 '(w), where
w in £2;(+) indicates dependence on the weights {w;}.

Assumption 2. The sequence of random weights {w;} is strictly stationary and ergodic, and w; is nonnegative and
measurable with respect to 7;_; for each t. Moreover, £2o(w) is a positive definite matrix and E(|Jw;Y;_1]|?) < co.

Assumption 3. The density function f(-) is bounded, positive and uniformly continuouson {x € R : 0 < F(x) < 1}.

The matrix $2o(w) is degenerate if y; is non-negative (or non-positive) with probability one, and hence its positive
definiteness requires 0 < F(0) < 1. For a fixed € (0, 1), restrictions on f(-) in a neighborhood of b, will be sufficient
to derive asymptotic properties for the self-weighted estimator (Li et al., 2015). In fact, Assumption 3 is imposed mainly for
the discussion in the next subsection.

Lemma 1. Under Assumptions 2 and 3, ﬁ(gfn —0,) > N {0, (1 — 1)[f(b, )]*ZSZ](w)} in distribution as n — oo, where
00 = (bf7 brﬁ(/)s (P(/)),

When b, = 0, since Q;(y; | Ft—1) = Y;_;¢0, the parameter vector Sy is not estimable, although ?q;rn is still asymptotically
normal. By Lemma 1 and the Delta method (van der Vaart, 1998, Chapter 3), we have the following theorem.

Theorem 3. Suppose that Assumptions 2 and 3 hold. If b, # 0, then /i(ken — Ao) — N {0, 7(1 — 1) 2 (1)2x(w) =} (1)}
in distribution as n — oo, where

b.l, 0 o I, O —Bo I, oY
El(r):f(b)( P I,,) and  $25(w) = <OO 0 Ip)(h(w)( 00 0 1p>-

Moreover, the matrices $2,(w) and $2,(w) are minimized if w; = o;l forallt.

For the random weights wy, one feasible choice is w, = 1/(1 + Z 11¥¢il), which satisfies Assumption 2. However, from
Theorem 3, Am is asymptotlcally most efficient when wy = o, ! Thus, in practice, when the sample size is relatively large,
we may use the weights {5, "Ywitha, = 1+ Y, . 1/3”" where ﬂ’"f is an initial estimator with ﬂ’”f Bo = Op(n —172); e.g., we
may use

Zk 1|brkn||ﬁrkn| k 1|:3rkn

’Bint _
I<:l|bfk”| Zk 1|ka”|

(3.4)
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where b,kn and ,BT,(n for 1 < k < K are the self-weighted estimators computed based on the initial weights w”" =
1+ Zp 11¥¢—il) for different quantlle levels; see also Zhao and Xiao (2014). Although Assumptlon 2 does not hold for
{at 11, we can show that the weights {o, Y and (o 1Y will lead to the same asymptotic dlstrlbutlon of A,n On the other hand,
when the sample size is relatively small, the welghts {wi"} may be preferable to {6, 1}; see the simulation experiments in
the supplementary materials. In the rest of the paper, we will use {5, 1} unless otherwise specified, and £2; fori = 0, 1, 2
will refer to the matrices $2;(w) with w, = o; ' for all t. Note that £2; = £2, .
Theorem 3 also implies that, when the value of b, is near zero, the variance of ﬂ,n can be so large that ﬂm may even be
negative. This motivates us to consider a doubly weighted quantile regression estimator in what follows.

3.2. Doubly weighted quantile regression estimation

We next introduce a more efficient estimator of 1y by balancing the information across K quantile levels: 7, = k/(K + 1)
for 1 < k < K, where K is a fixed integer.

Specifically, we combine the self-weighted quantile regression estimators {kfkn, 1 < k < K} linearly to define the doubly
weighted quantile regression estimator

K
= (:3,/17 ¢;/1)/ = kA e,
k=1
where the ;s are 2p x 2p weighting matrices with possibly negative entries satisfying

K
D = by (3.5)
k=1

see also Chen et al. (2016). Define the K x K matrix I" = (I3)1<ij<k, With [}j = min(z;, 7j) — 775, and let Fi}”” be the (i, j)th
element of I"~!. Denote

eryﬂz 71)922 ( ) J/

i=1 j=1

where IT = (4, ..., g ) is a 2p x 2pK matrix.

Theorem 4. Suppose that Assumptions 2 and 3 hold. If by, # 0for 1 < k <K, then «/ﬁ(xn — Xo) — N{0, V(I1)} in distribution
as n — oo. Moreover, denote

K K
o = Y mi(n)e; Si(n) [Z ()R }El(rk), 1<k<K.

i=1 j=1

and let [T = (=", ..., ") be a 2p x 2pK weighting matrix. Then we have IT°" = arg min;V(IT), and the asymptotic

variance of the optimal doubly weighted quantile regression estimator is V(IT°"") = [Z: 12; 11‘1]'"” 2i(n)$25 El(r])] !

For simplicity, denote g(z) = f(b.)and h(t) = b.f(b.). Let gk = (g(t1), ..., &(w)) and hx = (h(z1), ..., h(tk))'. Suppose
that f(-) is twice differentiable on {x € R : 0 < F(x) < 1} and its derivative function is f(-). Define the 2 x 2 matrices

Ixs Ik, Is s
e = | * d 7=
« (IK,IS IK,I) a (Ils Il) ’
where IKl = g[(r gl(, Iks = hKF hKv Tkis = gKF hK- I = f]R ] /f u)du I = f]R u) + uf )] /f(u)du, and

Iis = fR (Wf(u)+ uf(u)]/f( u)du. Under Assumption 3, we have limg_, Zx s = Zs and limg_, «cZx1 = Z;; see Theorems 6.1
and 6.2 in Zhao and Xiao (2014). Similarly, we can show that limg_, - Zx ;s = Zjs, and hence

lim V(IT%) = lim {[Z ® tpupl 0 25 '} " = {[Z ® tpupl 0 25 '}
K—o0 K—o0
where @ is the Kronecker product, and ¢y, is an m x n matrix with all elements being one. Denote by (GM, AMLE") the

maximum likelihood estimator (MLE) of model (2.2), where the parameter vector is (¢, A") and the density of &; is assumed
to be known. It can be shown that o/n(AME — 34) — N(0, VML) in distribution as n — oo, where

-1 /
N VT U Y Llproxort)  Iskornxp ) o o —bo I, O
0 0 Ip Lislpx(p+1) Tilpxp 0 0 Ip !

Moreover, limg_, .o V(IT?') = VM under the conditions that E(o; 2Y;_;) = 0 and E(a‘zYa ._1Ye—1) = 0, which is the case

where parameters in the conditional mean and conditional scale can be separately estimated without loss of efficiency. In
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particular, when all ¢;’s in model (2.1) are zero, these conditions are satisfied as long as the distribution of &, is symmetric
about zero. Otherwise, V(JT°"") may not be able to attain the Cramér-Rao lower bound. This can probably be solved by using
a nonlinear combination of the estimators, and we leave it for future research.

Theorem 4 requires that b;, # 0forall 1 < k < K, which is not guaranteed in practice. Let r, = (71, 72 ), where y; and
Ty are 2p X p matrices. To make practical the proposed doubly weighted estimator, in addition to (3.5), we further impose
that

Ta =0 if b, =0, forall 1<k<K. (3.6)

The optimal weighting matrix I7°P* actually satisfies both (3.5) and (3.6), which means that we can conduct the estimation
procedure without worrying whether b, = 0. But, by a method similar to that of the proof of Theorem 4, it can be shown
that I7°" is no longer optimal under both constraints (3.5) and (3.6), as the matrices nkp ’s in general are not diagonal or
even block diagonal. This may be regarded as a necessary consequence of the lack of information about the zeroness of the
quantiles b;,’s

To estimate the optimal weighting matrices n,f’", we can first obtain an estimator of §2; using sample averages,

ie, 20 = n‘lzf:pﬂ(l + Yé . 1/?'”)‘ x¢x;, where the method in (3.4) can be used to calculate Bt and similarly ¢o can

be approximated by ¢™ = 1Zk 1$Tkn The estimators of £2; and £2, can then be constructed, denoted by £2; and £2,,
respectively. Define the error function

e(A) = (e = Y1)/ (1 + Yo 1 B), (3.7)

and then the residuals {Z;} can be calculated by &, = &,(A") with A"t = (B’ Y. As a result, the density function f(-)

can be estimated by the kernel density estimatorf( ) = (nh) 12[ —p S K{x — &;)/h}, where K(-) is the kernel function and
h is the bandwidth. By Lemma 1, b, can be estlmated by br, 1, and hence an estimator of X';(ty) can be obtained, denoted by
El(rk) Consequently, a consistent estimator 1% of IT° can be obtained.

Now we are ready to compute the proposed optimal doubly weighted estimator

Topt __ Qo] r/ opt/ E:Aopt
)"n ( KN

It can be verified that /n(A;, APt Xo) — N(O, v(J1°")) in distribution as n — oo. Accordingly the residuals can be calculated
by & = 8[(3:0 ) and an estlmator of b, can be defined as the Tth sample quantile of {¢;}, i.e., bm = inf{x : F, w(X) > 1} with
Fa(x) = (n— 12[ —pt1 I(g; < x).To estimate V(JT°"), we can update the estimator of Ao by ’):”p and the residuals by {&;}.

By a method snmllar to that for calculating 1%, we can obtain a consistent estimator of V(IT°"), denoted by V(H"‘")
3.3. Model selection

This subsection considers the selection of the order p for model (2.1) in practice. We first discuss the case for a certain
quantile level T € (0, 1). Note that, from (3.1),

—b +b Y = 1130+Yt ]¢0+e[, with e =(8t_br)0[-

Suppose that {o;} are observable and ¢, — b, follows the asymmetric Laplace distribution with location zero, unknown scale
o > 0and the density function f(x) = 7(1— 7)o ~! exp[—p(x/o)] (Koenker and Machado, 1999). Then, the MLE of (b,, ry)
will have the same formula as the self-weighted quantile regression estimator in (3.2) with w; = 0[1. This motivates us to
define the Bayesian information criterion (BIC):

BIC(p) = 2(n — Pmax) 10g 07n + (2p + 1)log(n — Pmax). (3.8)

where pis searched over {1, ..., Pmax}, With pmax being a predetermined number, and 6, = (N—Pmax)”~ Z?_pmax +1 we pr (Ve —
X!8.y) is the MLE of the scale o, with 8, calculated by (3.3) and the weights defined as w, = (5; +¢ pmax [ye—j|)~! for a very
small but fixed positive number c.

The proposed doubly weighted estimation, however, does not have a corresponding likelihood function since it consists
of multiple quantile regressions. Nevertheless, the BIC in (3.8) yields consistent estimators of the true order po for all

€ (0, 1), and this motivates us to introduce an information criterion by combining the BIC across t1, ..., 7x. Notice that
the weights ;s in Section 3.2 are matrices and thus cannot be directly applied to the BIC. In practice, we may use the simple
average, BIC;(p) = K *IZL]BICT,(( ). In addition, by replacing the self-weighted estimator 6., in (3.8) with the doubly

weighted estimator (b;n, ben B, oY,

we can define another BIC, denoted by BIC,(p). Let Py, = argmin, ., ., . BIC(p)
and Py, = argmin1§p§pmaxBlC2(p).

Theorem 5. Under Assumption 3, if pmax = Po, then P(p1n = po) — 1and P(Pan = po) — 1asn — oo, where py is the true
order.



168 Q. Zhu et al. / Journal of Econometrics 207 (2018) 162-174

In the proposed estimation procedure, the key reason that we need no moment condition on y; is that the condition
E(lw:Yi—1]*) < oo in Assumption 2 holds true for w; = ot’1 when the order p is correctly specified. But, since By = 0 for
j > Do, this is not the case when p > po. To ensure that no additional moment condition is required by the proposed BIC, we
add a small number ¢ > 0 to all the By;’s, leading to the weights defined earlier in this subsection. In practice, the effect of ¢
is ignorable; see the second simulation experiment in Section 5 for details.

4. Goodness-of-fit tests

To check the adequacy of fitted linear double AR models, we adopt the quantile autocorrelation function (QACF) in Li et
al. (2015) to construct two goodness-of-fit tests to detect misspecifications in the conditional mean and conditional scale
separately.

To make the QACF robust to arbitrarily heavy-tailed innovations, we consider the transformed innovations {G(e;)}, where
G : R — Ris a predetermined, bounded and strictly increasing function. Noticing that ¥, (¢; — b;) = V¥ [G(er) — G(b,)],
where . (x) = t — I(x < 0), the QACF of {G(&;)} at lag £ can be defined as

pr.e = qor. {Gle), Gler_o)} = E{yr (e — bo)[Glec—¢) — MG,]]}, (=12 ...

T — 120061

where g1 = E[G(e;)] and acz,l = var[G(e;)]. By replacing G(&;_,) with G(zsf_é ), a variant of p, , can be defined as

— 2y
Fox = qeor, {Gled), Gle2_, )} = E{yr (e — b.)[Gle;_,) Mc,z]}, =12,

AT — ‘L'ZO'G’2
where pc, = E[G(e2)] and 6¢ , = var[G(e})]. Notice that if model (2.1) is correctly specified, then p; . = 0and r; . = 0 for
all £ and all .
Accordingly the residual QACFs at lag ¢ can be defined as

1
’lal,r = 1;[fr - brn {G(Et Z) ﬁG.l}
J(t =1%o _;H
and
~ 1 ~
Ter = 1/& & — { (St [) MG,Z}v
Vit —1t3)og N _;ﬂ
where fign = (n — p) 'Y, GEM and 6¢, = p) 'Y, 1 {G(EM) — Tig.m)* for m = 1 and 2. The two residual

QACFs 0y, and T w1ll be used to construct goodness of ﬁt tests for the conditional mean and conditional scale structures,
respectively; see Li and Li (2008) for tests based on the conventional sample autocorrelation function.
To combine the information from multiple quantile levels, for any lag £, we can define
Pe = max [pgr| and T, = Max [Ty g, .

1<<

Letp = (P1,...,0.) andT = (Tq, ...,7.), where L is a predetermined positive integer.

Assumption 4. G : R — R is a bounded, strictly increasing and twice-differentiable function, with its derivatives of
first and second orders, g and g, satisfying that (i) sup,ceg(x) < 00; (ii) supyerXg(x) < o00; (iii) sup,crg(x) < o0; (iv)
SUp,pXE(X) < 00; and (V) sup,px?g(x) < oo.

Form = 1and 2, let G, = (Glef ), ... Gle"))), 23m = E[ot’lxt(Gm — te.m1.)]with 1) being an L x 1 vector of ones,
and Dy(t) = (d1m(7), .- ., dpm(T)) Wlth

~ m at 1 m Yt/—l /
de,m(T) =f(bf)<bTE {[G(S[_() MG,ml } E {[G(SH) — 1Gml }) :

Ot Ot
In addition, form = 1and 2and 1 < i,j < K, let ¥,(7;, 7;) be
Tjod ol — Dy (1) Z3(1)821 23, — $25 1,521 Z5(0)Din(75) + D (1:)VITP )Dir (1)

)

(ti — Tiz)("-'j - sz)UG,m
where £2; and I are defined in Section 3, I; is the L x L identity matrix, and

K

Zy(r) = Y Imin(r. 7)) — ol 5y (rk)( fo b ,‘2)

k=1
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Table 1
Biases (x10), ESDs (x10) and ASDs (x10) of the doubly weighted estimator A" when the innovations follow the normal, Student’s t3 or Cauchy
distribution.
n Normal t3 Cauchy
Bias ESD ASD Bias ESD ASD Bias ESD ASD
B 200 —0.203 1.658 1.320 0.204 2.180 1.569 1.674 4.794 2.619
500 —0.063 0.938 0.863 0.123 1.180 1.010 0.803 2.111 1.550
1000 —0.008 0.618 0.619 0.066 0.780 0.716 0.337 1.224 1.074
[} 200 —0.106 1.082 0.889 —0.082 1.115 0.856 —0.081 0.575 0.430
500 —0.057 0.630 0.592 —0.037 0.607 0.563 —0.022 0.272 0.255
1000 —0.021 0.448 0.426 —0.030 0.421 0.403 —0.005 0.173 0.170

Theorem 6. Under Assumption 4 and the conditions of Theorem 4, we have /np — maxi<k<k|Bi(w)| and /nf —
maxi<k<k |B2(1)| in distribution as n — oo, where |x| = (|x1], ..., |x|) for x = (X1, ..., %) € RL, and By(tp) with1 < k < K
are multivariate normal random vectors such that cov(By (i), Bn(7j)) = ¥n(wi, 7j), for m € {1, 2}.

We can construct consistent estimators of the covariance matrix ¥n(7;, 7;) by a method similar to that for T/\(ﬁ °Pt) in
Section 3.2. Then, by generating a sequence of, say B = 10,000, multivariate normal random numbers, we can approximate
the asymptotic distributions in Theorem 6 and then obtain confidence bounds for ',5@ and'r}

To check the first L lags jointly, we suggest the Box-Pierce type test statistics Q = nz (—1P and QzBP (L) = nZé 1’1’}2,

which, as n — oo, converge in distribution to Zz=1maxlsk§1<31, () and Zhlmaxgkﬁsz, [(‘Ck), respectively, where
Bu(t) = (Bm1(t), ..., Bni(7)) form = 1and 2.

In practice, we may use the distribution function of the standard Cauchy random variable as the transformation G(-).
Our simulation experiments in the supplementary material indicate that it performs slightly better than several other
transformations in finite samples.

5. Simulation experiments

This section presents three simulation experiments to evaluate the finite-sample performance of the proposed doubly
weighted quantile regression estimator, model selection method and goodness-of-fit tests. In all experiments, we employ
the quantile levels ty = k/10 withk =1, ...,9.

The first experlment aims to examine the finite-sample performance of the doubly weighted quantile regression
estimator )an , for which the data generating process is

Ye = 0.2y:1 + &(1+ 0.5]y:—11),

where {g;} are i.i.d. normal, Student’s t3 or Cauchy random variables with location zero and E(|&|“) = 1 for « = 0.9.
The sample size is set to n. = 200, 500 or 1000, with 1000 replications for each sample size. The self weights {a[ 1y are
approximated by {1/(1 + ,3“" |ye—11)}, where ﬁ’”f is calculated by (3.4). The density function of &, is estimated by the kernel
density method with the Gaussian kernel and its rule-of-thumb bandwidth, h = 0.9n~'/> min{s, R/1.34}, where s and R
are the sample standard deviation and interquartile range of the residuals, respectively; see Silverman (1986). Table 1 lists
the biases, empirical standard deviations (ESDs) and asymptotic standard deviations (ASDs) of A, APt for different innovation
distributions and sample sizes. As the sample size increases, most of the biases, ESDs and ASDs become smaller, and the
ESDs get closer to the correspondmg ASDs. Moreover, when the distribution of &; has heavier tails, all these quantities of
2" decrease, whereas those of B increase.

In the second experiment, we evaluate the performance of the proposed model selection method in Section 3.3, and the
data generating process is

Ye =0.1y-1 + 0.3y2 + &:(1 + 0.1]y—1| 4 0.3y —21),

where the innovations {e;} are defined as in the previous experiment. The two information criteria, BIC; and BIC;, in
Section 3.3 are employed with ¢ = 107> and pmax = 5. Recall that BIC; is based on the self-weighted estimators, while
BIC; is based on the doubly weighted estimator. For i = 1 or 2, the cases of underfitting, correct selection and overfitting by
BIC; correspond to p; , being 1, 2 and greater than 2, respectively. Table 2 reports the percentages of underfitted, correctly
selected and overfitted models by the two information criteria. It can be seen that both information criteria select the correct
model in most of the replications when the sample size is as small as n = 200, while BIC; is slightly better. We have also
conducted the experiment for BIC; with ¢ = 0, and have found that the resulting percentages remain the same as those of
BIC; in Table 2.
In the third experiment, we study the proposed goodness-of-fit tests, QlBP (L)and QZBP (L). The data are generated from

Ve = C1Ye—2 +&(1+02]yc1| + c2lye—21),

where the innovations {¢;} are defined as in the first experiment. We fit a linear double AR model with p = 1 using the
same method as in the first experiment, so that the case of c; = ¢; = 0 corresponds to the size of the tests, the case of
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Table 2
Percentages of underfitted, correctly selected and overfitted models by BIC; and BIC, based on 1000 replications.
n Normal ts Cauchy
Under Exact Over Under Exact Over Under Exact Over
BIC, 200 7.9 91.6 0.5 7.8 92.1 0.1 16.4 83.6 0
500 0 99.7 0.3 0 99.8 0.2 25 97.5 0
1000 0 100 0 0 100 0 0.9 99.1 0
BIC, 200 18.8 81.2 0 16.7 83.2 0.1 194 80.5 0.1
500 0 99.8 0.2 0 100 0 24 97.6 0
1000 0 100 0 0 100 0 0.9 99.1 0

Table 3
Rejection rates of the tests Q2°(6) and QBP(6) at the 5% significance level when the innovations follow the normal, Student’s t; or Cauchy distribution.
[} C Normal t3 Cauchy
200 500 1000 200 500 1000 200 500 1000
Bp 0.0 0.0 0.041 0.046 0.052 0.042 0.044 0.050 0.047 0.053 0.051
0.0 0.1 0.042 0.035 0.051 0.049 0.050 0.044 0.055 0.049 0.044
0.0 0.3 0.054 0.048 0.064 0.054 0.050 0.066 0.084 0.081 0.070
0.1 0.0 0.076 0.178 0.386 0.110 0.303 0.586 0.551 0.972 1.000
0.3 0.0 0.639 0.991 1.000 0.822 0.998 1.000 0.993 1.000 1.000
Qr 0.0 0.0 0.044 0.056 0.049 0.048 0.050 0.051 0.056 0.052 0.047
0.0 0.1 0.073 0.107 0.194 0.061 0.117 0.181 0.085 0.123 0.191
0.0 0.3 0.252 0.763 0.997 0.228 0.628 0.961 0.213 0.468 0.765
0.1 0.0 0.044 0.040 0.061 0.039 0.055 0.064 0.210 0.433 0.735
0.3 0.0 0.059 0.075 0.146 0.110 0.191 0.339 0.796 0.998 1.000

c1 # 0 corresponds to misspecifications in the conditional mean, and the case of c; > 0 corresponds to misspecifications
in the conditional scale. Two departure levels, 0.1 and 0.3, are considered for both ¢; and ¢,, and the standard Cauchy
distribution function is employed as the transformation G(-) for the residual sequence. Table 3 reports the rejection rates
of Qf°(6) and Q2P(6) based on 1000 replications, for sample size n = 200, 500 or 1000. It can be observed that all sizes
are close to the nominal rate when the sample size n is as small as 200, and all powers increase as n or the departure
level increases. Moreover, QlBP (6) performs well in detecting the misspecification in the conditional mean (i.e., c; # 0
and ¢, = 0), especially when the innovation distribution is heavy-tailed, but has little power for the misspecification in
the conditional scale (i.e., c; = 0 and ¢, > 0). In contrast, QZB” (6) performs well in detecting the misspecification in the
conditional scale, especially when the innovation distribution is light-tailed. This indicates that QF(L) and Q2P(L) should
be used in conjunction to check the adequacy of the fitted model. In addition, the findings seem consistent with the result
in the first experiment that, as the innovation distribution becomes more heavy-tailed, the estimation performance for the
location-type parameters ¢, tends to improve, whereas that for the scale-type parameters 3, tends to worsen. Furthermore,
the performance of QZBP (6) for the misspecification in the conditional mean seems mixed: it is useless when the innovation
distribution is relatively light-tailed, but is surprisingly powerful for the Cauchy distribution.

6. An empirical example

We illustrate the proposed inference tools using the U.S. monthly interest rates (the effective federal funds rates)
from January 1956 to December 2015. There are 720 observations in total, and we focus on their log returns, denoted
by {y:}.

Basedonty = k/10fork =1, ..., 9and ppmax = 10, the proposed BIC; and BIC; both select p = 3. By the doubly weighted
estimation method in Section 3.2, the fitted model is

¥t =0.3659¢.0385Yr—1 + 0.09380.0295y¢—2 + 0.12340 0320¥¢—3
+ &c(1 + 27.82935 9681/Yt—1] + 6.93313.4008 |yt —2| + 14.9557 4 24801Y¢—3), (6.1)

where the subscripts are the standard errors of the estimated coefficients, and all the estimated coefficients are significant
at the 5% significance level. Fig. 2 gives the Q-Q plots of the residuals from the fitted model against the Student’s t; 5 or ¢,
distribution. It can be seen that the left tail of the residuals is heavier than t; yet lighter than t; 5, while the right tail seems
as heavy as t1 5, which suggests that E(¢?) = oo and E(|&|) < oo.

For the fitted model in (6.1), the p-values of the goodness-of-fit test Q]BP(L) for L = 6, 12 and 18 are all greater than 0.5306,
and those of the test QZB” (L) are all greater than 0.9597. This suggests that the fitted model is adequate. In addition, as shown
in Fig. 3, the residual QACFs p, and 7, fall within the corresponding 95% confidence bounds at all the first 15 lags.
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Fig. 2. Q-Q plots of the residuals against the Student’s t; 5 (left panel) or ¢, (right panel) distribution.
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Fig. 3. Residual QACF plots for p; (left panel) and 7, (right panel), where the dashed lines are the corresponding 95% confidence bounds.

For comparison, the fitted double AR model is given by

Ye =0.4272¢ 0g98y¢—1 + 0.07070,0888Yr—2 + 0.1069¢.0714Y:—3

+ Er\/0-00440.0004 + 1.2561¢.1895y7_; + 0.92470.1678¥7_, + 0.2599.0896Y7_3.
and the fitted AR-ARCH model is

¥t = 0.36670.0537Yt—1 + 0.10060 0422yt —2 + 0.15610.0393Y:—3 + €, e = &/ I,
he = 0.00180 0002 + 0.76990 1240€7_; + 0.44810 0573€7_, + 0.06420 g452€7_3, (6.2)

where the innovations {&;} are standardized to have mean zero and variance one. The three fitted models have similar
conditional mean structures. In the ARCH component of (6.2), the coefficients of the effj's add up to 1.2822, suggesting that
E(e?) = oo. This, together with Fig. 2, indicates that the double AR and AR-ARCH models and their inference tools may be
misused here. Moreover, the significance of the conditional mean component implies that a linear ARCH model would not
be suitable.

To examine the forecasting performance, we conduct one-step-ahead predictions using a rolling forecasting procedure.
We start from the forecast origin t = 200 and fit the model using the data from the beginning to the forecast origin
(exclusive). We compute the forecast of the tth conditional quantile of y,,1, given by ;41 + 0r41bs, for T = 1%, 5%, 10%,
90%, 95% and 99%, where i, and 6,, are the predicted conditional mean and scale, respectively, and b, is the rth sample
quantile of the residuals. Then we advance the forecast origin by one and repeat the above procedure until all data are
employed.

The forecasting subsample can be divided into three periods: t € [200,399], t € [400,599] and t € [600,719],
corresponding to the periods with moderate, low and high volatilities, respectively. Table 4 reports the empirical coverage
rates (ECRs) of the one-step-ahead predictions by the fitted linear double AR model and the fitted double AR model, for the
three periods and six quantile levels. Among the totally 18 cases, we find that the proposed model outperforms the double
AR model in 10 cases, and is as good as the latter in 5 cases. In contrast, the double AR model is more favorable only at the
three upper quantiles in the high volatility period. This is probably because the conditional scale o, 1 of the double AR model
has a quadratic structure, which makes it more sensitive to sudden jumps in the magnitude, resulting in larger and more
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Table 4
Empirical coverage rates (%) for two fitted models at different quantile levels.
LDAR: linear double AR model. DAR: double AR model.
1% 5% 10% 90% 95% 99%
t €[200,399] LDAR 05 5.0 8.0 89.5 955 985
DAR 05 55 7.5 91.0 965 975

t €[400,599] LDAR 15 40 9.0 960 980 995
DAR 15 35 8.5 965 990 995

t €[600,719] LDAR 33 108 150 850 900 96.7
DAR 33 108 183 858 917 983

accurate ECRs than the proposed model in the high volatility period. Although not reported in the table, all the ECRs for the
fitted AR-ARCH model deviate farther from the corresponding nominal rates than those for the other two models.

7. Conclusion

For conditional heteroscedastic time series models without a conditional mean component, the quantile regression is
often made tractable by assuming a linear structure for the conditional standard deviation. However, when a conditional
mean structure needs to be incorporated, the objective function of the quantile regression is usually no longer convex and
new challenges in the inference and optimization will arise.

This paper proposes the linear double AR model which is suitable for quantile inference even when there is a conditional
mean component. It can be regarded as a modification of the double AR model along the lines of the linear GARCH model, but
enjoys greater tractability for the quantile regression than both models. The proposed doubly weighted estimation achieves
greater efficiency by optimally combining information across the quantiles. As with the estimation, the proposed information
criteria and goodness-of-fit tests require no moment condition on the observed process or the innovations, whereas existing
models and inference tools usually need stronger conditions. The necessity of such robustness is corroborated by the real
data example in Section 6, where it is founded that the innovations may even have an infinite variance.
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Appendix A

This appendix presents an auxiliary lemma, which is crucial to the proof of Theorem 6, and gives the proof sketches of
Theorems 1 and 3-5. Due to the space limit, detailed proofs of all lemmas and theorems are provided in the supplementary
material.

Lemma 2. Under Assumptions 2 and 3, we have the Bahadur representation for Brn:

~ 1
brn - bt =
vt )= Fon)

1 < ~
7 D Yeler = be) — do(T)VRGP = o) | + 0p(1),
t=p+1

where do() = f(b.)(b:E(o;"'Y,

a,t—1

), E(a Y, _,)

Proof sketch of Theorem 1. Denote Y; = (¢, ¥r—1, ..., Yr—p+1) . Let B be the class of Borel sets of R” and v, be the Lebesgue
measure on (RP, BP). By Assumption 1, we can show that {Y;} is a homogeneous Markov chain on the state space (R?, B?, vp),
has a p-step transition kernel that is positive everywhere, and hence is v,-irreducible.

To prove the sufficiency, suppose that y < 0,i.e., thereis anintegers such that E(In ||A; - - - As||) < O. LetZt = ]_[f;(}At_i. By
the continuity of the density f(-) and the dominated convergence theorem, we can show that lim,,_,oq(u) = E(In ||Zt <o,

where g(u) is the derivative of q(u) = E( ||Zt [I*), and thus, there is a constant ¥ € (0, 1) such that E( ||Zt II¥) < q(0) = 1. Using
this result and the test function g(x) = 1+ ||x||*, we can verify Tweedie’s drift criterion (Tweedie, 1983, Theorem 4) for the
s-step Markov chain {Y;;} and hence that for {Yj}, since {Y;} and {Y;*} have the same transition probability. We can further
show that {Y} is a v,-irreducible Feller chain, and then by Theorem 4(ii) in Tweedie (1983) and Theorems 1and 2 in Feigin
and Tweedie (1985), {Y;s} is geometrically ergodic with a unique stationary distribution and E(|y;|“) < co. By Lemma 3.1
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of Tjestheim (1990), we conclude that {Y;} is geometrically ergodic and is the unique strictly stationary solution to model
(2.1).

To prove the necessity, suppose that there is a strictly stationary solution {y;} to model (2.1). Then we can generate
iteratively a strictly stationary and nonanticipative solution {Y;" : t € N} for model (2.3) by letting Yy follow the same
distribuNtion as Ye. Asaresult, {Yy, : t € N}isa nonanticipative and strictly stationary solution to Y;, = AtpY(";_Up + By,
where A, = ]_[p_lAt iand By = ey + Z ]_[ Atp rep—j with e, = (&0, ...,0). Moreover, it can be shown that

(ln+||Aq,||) < 00, E(ln*IIBmII) < 00, and{ : t € N} isirreducible. Finally, by Theorem 2.5 of Bougerol and Picard (1992),
the top Lyapunov exponent y = inf{t lE(ln ||AI,A2,J -+ Apll), t > 1}is strictly negative, and it follows thaty <y /p < 0. O

Proof sketch of Theorem 3. The asymptotic normality of \/ﬁ(xm — XAp) in Theorem 3 follows directly from Lemma 1 and the
Delta method (van der Vaart, 1998, Chapter 3). To find the minimum of £2;(w), as in Xu (2017), we consider the regression

model, z; = aﬂx;y + e, where {e;} are i.i.d. standard normal, independent of {x;}, and y is the unknown parameter to
. . . ~ . _ 2 . . .

be estimated. The weighted least-squares estimator (1) = argmer?:lkf(zt o, ]x/tr) with the weights A; = o,w; is

asymptotically normal with mean zero and variance £2;(w). On the other hand, by the normality of e;, the estimator is most

efficient when A, = 1. Thus, £2;(w) is minimized at w, = o, !, and so0 is 2,(w). O

Proof sketch of Theorem 4. By Lemma 1 and the Delta method, we have the Bahadur representation \/H(L,, — X)) =
To(1)26 'Y (e — be oy 'xe + 0p(1), where 251 = £2; since w, = o; . It then follows from the central limit

theorem that \/ﬁ(xn — Ao) — N(0, V(IT)) in distribution as n — oc. Consider a minimum distance estimator

T = argmin{Z, — (1x ® by)hY & (hn — (1x ® )},
A

where is a 2pK x 2pK matrix and An = (A’Tln, .. X/ .). It can be verified that /):* = H’)tn Zk 171,<)er,1, where
=(m,...,mx) ={(1k ® L) E(1x ®12p)} T(1g ®12p)’ o .Asargued in Chen et al. (2016), the asymptotic variance ofl* is

minimized when is proportional to the inverse of the asymptotic variance of 4/ [A (1k ® Ip)ro]. Thus, we can obtam
I1°P* that corresponds to such a matrix Z and the results of the theorem. O

Proof sketch of Theorem 5. By ™ — B, = 0,(n""/2),5; = 1+ Y., B and w, = (5, + Y M ye—l) ", it suffices to
prove the theorem for the weights w; = (oy +¢ pmax Vet =[1+ p“““(c + Boj)lye—il17 1, for which Assumption 2 holds
since ¢ + Boj > 0for 1 < j < pmax. By a standard argument, we can accomplish the proof. O

Appendix B. Supplementary data

The supplementary material contains additional simulation experiments and detailed proofs of all lemmas and theorems
in the paper. Supplementary material related to this article can be found online at https://doi.org/10.1016/j.jeconom.2018.
05.006.
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